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The  motion  of waves  in  a layer  of  a viscoelastic  material  of  finite  thickness  with  a  layer  of  an  ideal
incompressible  fluid  moving  over  it is  considered  in connection  with  the problem  of  the turbulent  friction
reduction  in  a boundary  layer  by using  compliant  coatings.  The  dispersion  equation  is obtained,  and
the  behaviour  of  its  roots is  analysed.  It is proved  that  when  the  flow  velocity  exceeds  a certain  value,
two  types  of instability  appear:  a  weaker  instability,  which  is  caused  by the  viscous  properties  of  the
material  and  vanishes  in  the  purely  elastic  case,  and  a  stronger  instability,  which  is  present  in the  case
of  an  elastic  material.  The  stability  criteria  of short  and  long  waves  are found  in analytical  form,  and
it  is  shown  numerically  for both  types  of  instability  that among  all  wavelengths  the  smallest  critical
velocity  is  achieved  on  short  waves,  whose  stability  criterion  thus  gives  the  stability  criteria  of  all waves.
The  resonance  wavelengths  at which  the  interface  undergoes  strictly  vertical  vibrations  are  analysed.  A
resonance  wavelength  equal  to 3–5  thicknesses  is  scarcely  influenced  by the  fluid;  nevertheless,  a  second
resonance  with  a wavelength  equal  to  5–20 thicknesses  appears  when  the  fluid  is  present.  The  results
obtained  are  used  to  estimate  the influence  of a moving  fluid  on the effectiveness  of compliant  coatings
used  to  reduce  turbulent  friction.

©  2016  Elsevier  Ltd. All  rights  reserved.

. Introduction

In a series of problems of practical importance a significant part of the drag of solid bodies moving in a fluid is created by the friction
n the turbulent boundary layer. For example, for modern cargo ships it can be as high as 70% of the total drag. Among the methods for
educing turbulent friction, namely, active control of the surface vibration, the creation of regular structures (riblets) on the surface in the
ow field, the use of porous surfaces with injection/suction from the boundary layer, the use of polymer additives, hydrophobic surfaces
nd the organization of ventilated cavitation for detaching the fluid from the body in the flow field, the use of compliant coatings can be
ingled out.

The influence of the compliance of the surface on which the boundary layer forms was first discovered experimentally by Kramer.1

any studies on the stability of laminar boundary layers on elastic and viscoelastic surfaces have been published.2–9 It has been shown
hat the elastic and viscous properties of a surface have a significant influence on the form of the neutral curve and that, in addition, apart
rom inviscid instability and Tollmien–Schlichting instability, a series of new forms of instability related to the compliance of the surface
as appeared.2–4 A specific combination of surface properties enables the critical Reynolds number to be increased by more than two fold
ith an accompanying increase in the length of the laminar portion of the boundary layer.9

The influence of compliant coatings on turbulent boundary layers has been investigated to a far lesser extent. There are approaches of
wo types: those based on direct numerical simulation of a turbulent boundary layer on deformable surfaces10–12 and those based on the use

f simplified models and the development of qualitative criteria, whose fulfilment should result in lowering of the turbulent friction.13–15

espite the fact that the approaches of the former type give a better understanding of the physical mechanisms of friction reduction,
he difficulties in the direct numerical simulation of turbulence still prevent obtaining reliable and practically convenient criteria of the
ffectiveness of coatings. On the other hand, some proposed criteria13,15 have been confirmed by experimental data and are convenient
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Fig. 1.

or practical use. In addition, they rely only on intrinsic parameters of coatings, such as the stiffness of the coating, the phase velocity,
he frequency and the wavelength in the coating, which, in turn, are expressed in terms of properties of the material, making the use of
hese criteria convenient in practice. As a rule, these parameters are determined experimentally for specific materials by investigating the
ropagation of waves in a layer of the material immersed in air.15 However, when a coating works in water, the propagation speeds of
aves vary due to the inertia of the fluid, which has not heretofore been taken into account in the existing criteria.13,15

We  stress that despite the fact that the coatings are intended to interact with a turbulent boundary layer, the proposed criteria13,15

ontain specifically the intrinsic wave velocities, which are measured or calculated without consideration of the boundary layer: it is
ssumed that the latter has practically no influence on the propagation speeds of the surface waves. Therefore, the boundary layer is also
ot taken into account in the formulation of the problem solved in this study.

The problem of the propagation of waves in compliant coatings immersed in a uniform fluid flow has been solved in several studies,
ut the coating itself was modelled as a plate on an elastic foundation.3,6,16,17 Such a model does not take into account the shear strains in
he elastic material and incorrectly reflects the dispersion properties of monolithic coatings, and it also does not describe the resonance
henomena in the elastic layer, which has been shown15 to play a fundamental role. Several papers, in which the coating was simulated
ithin the theory of elasticity,4,9,18,19 take into account the boundary layer, making it necessary to use numerical methods and precluding

n analytical investigation of the properties of the waves. In Ref. 18 absence of the boundary layer was  considered as a special case; however,
he thickness of the fluid layer was assumed to be infinite, and the investigation was  also carried out numerically only for specific values
f the parameters. Monographs 20 and 21 present results for waves in an elastic layer in contact with a layer of a fluid, but its motion is
ot taken into account.

. Statement of the problem

We  will investigate the behaviour of linear waves in a layer of a linearly elastic material of thickness H (the case of viscoelasticity reduces
o the elasticity case by introducing complex elastic moduli and will be considered below), which is fastened on one side to an absolutely
igid plane, over which there is a layer of a inviscid incompressible fluid of thickness L (Fig. 1a). In the general case the fluid moves with
he constant velocity V parallel to the interface. The gravity force is directed opposite to the y axis.

We introduce a system of coordinates with the x axis along the direction of motion of the fluid, as is shown in Fig. 1a. We will investigate
wo-dimensional motions in the x, y plane. We  will first consider the equilibrium state of the system. Solving the equations of the linear
heory of elasticity and hydrodynamics, we can easily show that it takes the following form: the layer of elastic material is in a compressed
tate under the action of its own weight and the weight of the fluid layer, and hydrostatic distributions of the pressure are established both
n the fluid and in the elastic layer:

(2.1)

here � and �f are the densities of the material and the fluid. We  will assume that the displacement of the elastic-layer/fluid interface
nder the action of the weight of the fluid and the layer itself is a small quantity, which can be neglected.

We will consider the perturbations of the equilibrium state. Suppose {u, �} is the displacement vector of the elastic medium and � is
he potential due to the motion of the fluid. We  introduce the functions � and � (Ref. 22, Chapter 9, Section 10), so that

(2.2)

hen the equations of motion for perturbations of the elastic medium take the form (Ref. 22, Chapter 9, Section 10)

(2.3)

ere a1 and a2 are the velocities of longitudinal and transverse waves in the elastic medium expressed in terms of the Lamé coefficients �
nd �:
Expressions for the components �22 and �12 of the stress tensor are needed below. Expressing the components of the strain tensor in
erms of displacement vector (2.2) and using Hooke’s law, we obtain

(2.4)
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Below, instead of the Lamé coefficients � and �, we will use the velocities of the longitudinal and transverse waves in the elastic medium
1 and a2 as the defining properties of the material.

The equation for the potential of an inviscid incompressible fluid is Laplace’s equation

(2.5)

he perturbation of the pressure is expressed in terms of the perturbation of the potential using the Cauchy–Lagrange integral, which is
ritten in the linearized form as

(2.6)

here y is the vertical displacement of a particle of the fluid.
We  will now formulate the boundary conditions, considering only small deviations of the elastic-layer/fluid interface and the free surface

f the fluid from the unperturbed state. This enables us to state the corresponding boundary conditions on the unperturbed surfaces.
On the lower boundary of the elastic layer there should be zero displacements:

(2.7)

On the elastic-layer/fluid interface three boundary conditions should hold. First, the equality between the normal and tangential
omponents of the stress tensor gives two conditions:

(2.8)

econd, the condition of impermeability through the deformed surface should hold on this surface. We  note that the height of the boundary
oints, which appears in expression (2.6) for the pressure and in the impermeability condition, is given in the linear approximation of the
unction �(x, 0). In fact, in the general case

here y = h̃(x) is the equation of the interface (Fig. 1b). After linearization we obtain

nd the impermeability condition takes the form

(2.9)

The boundary condition on the free surface of the fluid is equality of the pressure to the atmospheric pressure, that is, equality of the
ressure perturbation to zero:

(2.10)

Since the height of the level of the free surface appears in expression (2.10), it should be treated as the additional unknown function
(x, t). The following kinematic impermeability condition should be written for it:

(2.11)

. Dispersion equation

We  will consider the wave motions of the system:

hen the equations of motion of the elastic medium (2.3) are written in the form

(3.1)

ere and below, j = 1, 2, and the prime sign denotes the derivative with respect to y. The equation of motion of the fluid (2.5) takes the form

(3.2)

We will write the boundary conditions. When equalities (2.2) are taken into account, on the lower boundary of the elastic layer the
ondition of zero displacements (2.7) reduces to the following:

(3.3)
On the elastic-layer/fluid interface equality (2.8) of the normal and tangential components of the stress tensor after linearization takes
he form
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he perturbation of the component �22 is a sum of two parts. First, it changes due to the motion of the medium. This part is given
y expression (2.4). Second, due to the change in the height of the interface, the unperturbed value of �22 differs by �g� (2.1). Using
xpression (2.2) for �, we obtain

(3.4)

he condition of impermeability through the deformed surface (2.9) is written in the form

(3.5)

Finally, on the free surface of the fluid conditions (2.10) and (2.11) are rewritten as follows:

(3.6)

Thus, the system of equations (3.1) and (3.2) and boundary conditions (3.3)–(3.6) is a closed system.
The general solution of each of Eqs (3.1) and (3.2) is represented in the form of a linear combination of exponential functions:

(3.7)

ubstitution into boundary conditions (3.3)–(3.6) produces a linear homogeneous system of seven equations containing the constants c0,
j1, cj2, c31 and c32. Setting its determinant equal to zero, we  obtain a dispersion equation that relates the wave number k and the phase
elocity c = �/k.

For convenience in the further investigation, we  first go over to dimensionless variables after selecting a2, H and � as the dimensional
ndependent quantities that characterize the elastic layer. We  bring the remaining quantities into dimensionless form in the following

anner:

(3.8)

here the prime signs denote dimensionless variables. Then, from the parameters of the elastic layer, only Poisson’s ratio 	 remains, since
he ratio

oes not depend on Young’s modulus and 0 < a′ <
√

3/2. Then the dispersion equation is written in the following dimensionless form
henceforth the prime signs are omitted until Section 10):

(3.9)

ere

The problem is defined by five dimensionless parameters: a, V, m,  L, g.

. Structure of the dispersion equation

Since dispersion equation (3.9) is cumbersome, we will examine its structure and evaluate the physical meaning of each factor. It can
e written schematically in the form
(4.1)
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We  will first assume that the right-hand side of this equation is equal to zero and examine the left-hand side, which consists of two
actors, one in angle brackets and one in parentheses. The roots of the dispersion equation are given by the roots of each factor. The roots
f the second factor have the form

(4.2)

his is the dispersion relation for gravitational waves on the surface of a fluid of depth L with a fixed flat bottom (Ref. 23, Chapter 8, Section
1).

If we set g = 0, the roots of the first factor are given by setting the expression in square brackets equal to zero. This is the dispersion
quation for water on the surface of a layer of an elastic material of finite thickness in a vacuum.15 When k → ∞ (when the thickness of the
ayer is infinite), the equation is transformed into the equation for Rayleigh waves on the surface of an elastic half-space (Ref. 22, Chapter
, Section 10)

(4.3)

The term containing the factor in curly brackets in relations (3.9) and (4.1) clearly influences the surface waves in the elastic layer only
hen g /= 0 and thus expresses the effect of gravity. Physically, gravity plays the same role as in waves on the surface of a fluid: when the

evel of the surface of the elastic layer varies, the gravitational potential varies and, along with the elastic forces, causes the formation of
aves. This term also vanishes when m = 1. Then the densities of the material and the fluid are equal, and a change in the position of the

nterface results in identical changes in the potentials in the material and the fluid. When m /= 1, the potentials vary differently, causing
he appearance of a surface wave, which is also expressed by this term.

We now turn to the right-hand side of the dispersion equation. It is equal to zero in the following cases.
The case when L = 0, i.e., absence of a fluid. It is not difficult to see that the right-hand side decreases with the term from the left-hand

ide that is proportional to m.
The case when m = 0, i.e., the density of the fluid vanishes. As was established above, there are two groups of roots. The roots of the first

roup, which describe waves on the surface of the material, are not influenced by the fluid owing to its non-inertial nature. The roots of
he second group, which describe waves on the surface of the fluid, are not influence by the layer, because its inertia becomes infinitely
arge in comparison to the inertia of the fluid, and the latter behaves as if the layer is non-deformable.

The case when c = 0, i.e., a standing wave in the system of coordinates connected to the elastic material. The eigenfunction degenerates to a
ero function, so that both the elastic layer and the fluid flow are in an unperturbed state. Therefore, their interaction vanishes.

If the gravity force is neglected (g = 0), the right-hand side vanishes also in the case when c = V, i.e., when the wave is standing relative
o the fluid. Because of the absence of gravity, such a wave does not cause perturbations in the fluid; therefore, the perturbation of the
ressure on the surface of the elastic medium is also equal to zero.

In the remaining cases the right-hand side is non-zero and clearly expresses the coupling of the waves on the surface of the material
nd on the surface of the fluid. The last factor contains only characteristics of the elastic layer, and the next-to-last factor contains only
haracteristics of the fluid layer, as is reflected in the structure of Eq. (4.1).

We note that when g = 0 and L → ∞,  dispersion equation (3.9) is identical to the equation obtained in Ref. 18 in the case of the absence
f a boundary layer.

. Characteristic behaviour of the waves

We  will first consider the case in which the coating is oriented vertically, i.e., the gravity force acts parallel to the plane of the coating.
hen the plane of Fig. 1a is horizontal, and the force of gravity does not act on the plane waves, i.e., g = 0. The results of the calculation
f the phase velocity c (the solutions of Eq. (3.9) with the smallest absolute values) are presented below for the following values of the
arameters:

(5.1)

nd the dimensionless flow velocities V = 0, 1, 2.2, 2.3. The wave number corresponds to a wavelength equal to the thickness of the layer
imes three. The left-hand side of Fig. 2 shows graphs of F1(c) – F2(c), where F1 and F2 are the left-hand and right-hand sides of Eq. (3.9).
he thick continuous curve corresponds to m = 0, and the remaining curves correspond to m = 1 and the values of V indicated.

As is seen, the presence of the quiescent fluid significantly (by ∼25%) decreases the phase velocities. When the flow velocity is non-zero,
he graph becomes asymmetric: the velocity of the wave travelling along the flow increases, and the velocity of the wave travelling against
he flow decreases. As V increases, the velocity of the wave travelling against the flow becomes zero, and then the wave is carried away by
he moving fluid and becomes a wave travelling along the flow. When the velocity increases further, these two waves travelling along the
ow merge into one, after which the corresponding two roots c(V) become complex-conjugate. Since one of them always has a positive

maginary part, instability of the elastic-medium/fluid interface in the form of travelling waves appears.
The right-hand side of Fig. 2 shows the dependence of the roots c(V) with the smallest absolute values which was calculated for parameter
alues (5.1) and m = 1 and illustrates the behaviour described above. Thus, the layer of elastic material can lose stability, if the fluid located
bove moves with a sufficiently large velocity.

We  will now consider the case in which the coating is oriented horizontally, i.e., the force of gravity acts in the plane of Fig. 1a, and this
lane is vertical.
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We  will estimate the characteristic value of the dimensionless parameter g. For applications associated with compliant coatings (soft
ubbers) the characteristic parameters of the material are: Young’s modulus E ≈ 106 Pa, and � ≈ 103 kg/m3. Then, the minimal value of the
imensional velocity is

m/s

e  assume that H < 0.01 m and the acceleration of free fall is equal to 9.8 m/s2. Then the value of the parameter is g < 3 × 10−4. In Eq. (3.9) it
ppears only in the combination g/k. We  will consider wavelengths that do not exceed 100 thicknesses of the layer. Then the dimensionless
ave number is k > 0.063. As a result, we have the ratio g/k < 0.005, and the terms with the multiplier g can always be neglected except

n a small vicinity of the point c = V. In this vicinity there are two roots, which are close in magnitude to values (4.2) and correspond to

ravitational waves on the surface of the fluid. The force of gravity has an even smaller influence in the case of more solid materials,
ncluding metals, due to the far greater value of the velocity a2.

For the calculations we  will take the largest characteristic value g = 3 × 10−4, and we will take the values of the remaining parameters,
s before, in accordance with equalities (5.1). Figure 3 shows graphs of the difference F1(c) – F2(c) for m = 1 and the dimensionless flow
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elocities V = 0.5, 1.0, 1.5, which completely confirm the estimates performed (the dotted and solid lines correspond to g = 0 and g = 3 × 10−4).
s can be seen, as opposed to the case when g = 0, the graphs have downward directed narrow “peaks” in the vicinity of the point c = V, as

 result of which two additional roots close to the value c = V appear. At the same time, outside of the vicinity of this point the graphs are
ractically indistinguishable from the analogous graphs for g = 0.

Thus, when phase velocities corresponding to waves on a material/fluid interface are studied, as well when the stability is investigated,
he influence of gravity can be neglected.

Below, for the investigation of the stability boundary, we need a dispersion equation in the form obtained after dividing both sides of
q. (3.9) by ch k
 ch k�:

(5.2)

. Stability of short waves

We  will first examine the behaviour of short waves (k → ∞)  in three velocity ranges:

) |c| < 1 (
 and � are real and, without loss of generality, positive numbers),
) 1 < |c| < 1/a  (
 is positive, and � is purely imaginary),
) |c| > 1/a (
 and � are purely imaginary).

We  will investigate the first case. In Eq. (5.2) we go to the limit as k → ∞,  assuming that its roots c(k) then tend to finite non-zero values
the case in which c ≈ 0 will be considered below). In the present case we  have the limiting value |c| < 1, i.e., the functions 
(c) and �(c) are
eal (and to be specific) positive. We  obtain the equation

(6.1)

ts three roots are obvious:

he root c = 0 gives a trivial solution, and the other two  roots do not satisfy the condition |c| < 1. The remaining roots of Eq. (6.1) are identical
o the roots of the equation

(6.2)
he first term on its left-hand side is identical to the left-hand side of (4.3) and has the roots c = 0, ±cR, where cR < 1 is the phase velocity of
he Rayleigh wave. The second term is negative and has the roots c = 0, V, ±1/a. Graphs of the first and second terms on the left-hand side
f (6.2) are shown in Figs 4a and 4b. In Fig. 4c the thick, ordinary and thin lines show their sum in the case when V < cR for small, medium
nd large values of m.
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We  will now fix the flow velocity V and increase the density of the fluid m. Then, in accordance with the graphs in Fig. 4c, the negative
oot c shifts to the right and becomes positive. The positive root decreases. If V < cR, the situation illustrated in Fig. 4c by the thin line will
ake place at some large value of m.  Since the left-hand side of Eq. (6.2) is negative for c = V and positive for c = 1 and positive c ≈ 0, there
ill be one root in each of the ranges 0 < c < V and V < c < 1, and they will both tend to V as m → ∞.  If V > cR, at sufficiently large m the two

oots will become closer and merge, after which the entire left-hand side of Eq. (6.2) will become positive for 0 < c < 1. A pair of complex
onjugate roots, one of which has a positive imaginary part and will cause instability, then forms.

Thus, the following has been proved:

) when V < cR, merging of the roots and a transition to instability with short waves and |c| < 1 is impossible at any m,
) when V > cR, there is a fluid density m = mcr(V), which is such that short waves with |c| < 1 are stable at m ≤ mcr and are otherwise unstable,

mcr(V) → ∞ as V → cR + 0, and the phase velocity ccr at the instant of merging always satisfies the condition 0 < ccr < cR.

A graph of the function Vcr(m) (the function which is the inverse of mcr(V)) is plotted numerically in Fig. 5 for several characteristic
alues of Poisson’s ratio 	 (which determine the dimensionless parameter a). The figure shows the dependence ccr(m), i.e., the value of the
hase velocity at which merging of the roots and the transition to instability occur. The dash-dot line shows the value of the phase velocity
f the Rayleigh wave cR. For the case when m = 1, which is of greatest practical importance, and various values of 	 we  obtain

Next, we will consider the roots c which satisfy the condition 1 < |c| < 1/a  when k → ∞.  In such a case the function �(c) becomes purely
maginary, and the corresponding hyperbolic tangent is transformed into the trigonometric tangent. More specifically, as k → ∞,  dispersion
quation (5.2) is transformed into the following equation:
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here �′(c) =
√

c2 − 1. We  rewrite it in the form

(6.3)

We will first consider the case when m = 0. The right-hand side of the equation is negative. The multiplier in parentheses on the left-hand
ide can be negative on the segment |c| ∈ [1,1/a] or have the two  roots |c| = c1,2, 1 < c1 < c2 < 1/a,  between which it is positive and negative
n the opposite case. In the case of a negative multiplier, the graphs of the left-hand side and the right-hand side (the thick lines) of Eq.
6.3) on the segment |c| ∈ [1,1/a] are shown in Fig. 6a. The equation has one root on each periodicity segment of the tangent, regardless
f the value of the right-hand side. Non-zero values of m clearly only decrease the multiplier, causing variation of the roots, but not an
nteraction between them. A transition to instability is then obviously impossible.

Now, when m = 0, suppose we have an interval (c1, c2), on which the multiplier in parentheses on the left-hand side of (6.3) is positive,
hat is, the graph of the entire left-hand side has two “loops”, which correspond to the roots c1,2, as is shown in Fig. 6b (the loops are shown
s thick lines). Since the tangent behaves here like 1/(k�′) near the asymptotes, at large k the loops between the two  roots deviate to a
egligibly small extent from zero, and thus they can be considered sign-invariant. In such a case the two  roots correspond to one of the

oops when m = 0, and no root corresponds to the other loop. When m is increased, the right-hand side of the equation decreases without
hanging sign, and the roots c1,2 of the left-hand side merge and vanish. This corresponds to the approach of the two loops toward one
nother and their disappearance, after which the qualitative form of the left-hand side corresponds to Fig. 6a and then does not change at
ny m.  It is clear that since the right-hand side is always negative, during the approach and disappearance of the loops and even more so
fterwards, interaction of the roots and a transition to instability are impossible.

Finally, we will consider the case of the phase velocities |c| > 1/a. We  will use the dispersion equation in the form (3.9) and, after replacing
he hyperbolic functions by trigonometric functions, when k → ∞,  we obtain the equation

here

e  will multiply it by 2
′�′ and transform it. We  first rewrite the left-hand side in the form

We  will prove that

(6.4)

hen in each segment between a minimum and a maximum of cos(k(
′ + �′)) the left-hand side of the dispersion equation has at least one

oot. It is obvious that A1+ > 0, i.e., |A1+| = A1+. Next, we will consider two cases: A1− ≥ 0 and A1− < 0. In the former case we have
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hich is equivalent to

n the latter case in a similar manner we obtain

n both cases we arrive at valid inequalities. Thus, inequality (6.4) is proved.
Now we bring the right-hand side into the form

Thus, the entire dispersion equation is rewritten in the form

(6.5)

here �1(c) and �2(c) are certain functions. From inequality (6.4) and the fact that |A2+| > |A2−| it follows that

(6.6)

Then, on each segment between a maximum and a nearby minimum of cos(k(
′ + �′) + �1) Eq. (6.5) has at least one root. It is not difficult
o prove that there is only one on each segment, since k is a large number. In such a case all the roots are separated from one another by

aximum and minimum points of the function cos(k(
′ + �′) + �1) and cannot interact and produce an instability. As a result, it has been
roved that the instability appearing when k → ∞ can occur only when |c| < 1.

. Stability of long waves

Unlike short waves, for which the influence of gravity vanished, in the case of very long waves, the gravitational terms are generally
ignificant. However, it was  shown in Section 5 that taking them into account is practically meaningless, because at all wavelengths which
hould generally be considered, these terms are negligibly small. Thus, we will set g = 0, understanding that the word “long” refers to waves
hich are such that their length is much greater than the thickness of the layer, but, on the other hand, is not so great that it would be
ecessary to take into account the gravitational terms.

We will evaluate the influence of the thickness of the fluid layer L, which appears in the dispersion equation only in the form th kL.
ince this function differs from unity by less than 1% when kL > 2.65 and since k > 0.063 when waves whose length does not exceed 100
hicknesses are considered, to rule out the influence of L it is sufficient to require that L > 42. In practice, waves whose wavelength is not
reater than 5–10 thicknesses of the layer are mainly of interest, and the influence of L for them vanishes when the fluid layers are far
hinner.

Thus, below we will assume that the thickness of the fluid layer is sufficiently large for all the wavelengths considered, so that th kL can
e replaced by unity. As a result, the dispersion equation is reduced to the following:

(7.1)

e go to k → 0 in it, assuming that c(k) ∞.  We  obtain

Thus, apart from the trivial solution, the remaining roots increase without limit when k → 0. This enables us to simplify dispersion equa-
ion (7.1). We  will take into account that 
(c) and �(c) become purely imaginary and that the hyperbolic functions become trigonometric.
n the dispersion equation we discard the terms of order less than c3, while retaining the terms with V,

r, dividing by ch k
 and taking into account that � ≈ ic and 
 ≈ iac,  we obtain

(7.2)
We will first examine the first approximation after setting the right-hand side equal to zero. Some of the roots are given by the expression

(7.3)
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he remaining roots satisfy the equation

(7.4)

n this case, on each interval

(7.5)

part from s = −1, when V < /(ak), there is exactly one root for Eq. (7.4). Since they are isolated from one another, merging and a transition
o instability are possible only upon interaction with roots of family (7.3).

We will find the minimal velocity V at which these roots are identical. For this purpose, we  substitute expression (7.3) into Eq. (7.4) and
olve it for V:
(7.6)



236 V.V. Vedeneev / Journal of Applied Mathematics and Mechanics 80 (2016) 225–243

A

l

b

d

d

e
v
e
(
m
t
w
o

8

d
w
t
t
a

T
fi

I

w

Fig. 8.

t small k the minimal values of V are achieved when n = 0, i.e.,

(7.7)

We will ascertain the physical meaning of the roots that are identical at V±. Graphs of the left-hand (thin lines) and right-hand (thick
ines) sides of Eq. (7.4) as the value of V increases are shown in Fig. 7. It is seen that

a) when V = 0, there are two roots of Eq. (7.4) with small absolute values, which increase with increasing V.
) when V = V−, the positive root of Eq. (7.4) is equal to the smallest root of family (7.3) and continues to increase with increasing V.

c) the negative root becomes positive, and when V = V+, it is equal to the smallest root of family (7.3).
) subsequently, when V > V+, it also continues to increase.

Thus, when V = V−, the waves which travel downstream when V = 0 merge, and when V = V+, the waves which travel upstream and
ownstream merge. It can be shown that only the latter merging results in instability when V = V+.

To prove this we will consider the following approximation to the dispersion equation, taking into account the right-hand side of
quality (7.2), which is always positive when the roots merge, so that the stability is determined by the sign of the left-hand side in the
icinity of c = cn when V = V±. Using Fig. 7, we easily construct a graph of the left-hand side of equality (7.2). Figure 8 shows graphs of
ach factor on the left-hand side (thin lines) and their product (thick lines) for the flow velocity V = V− (left-hand side of Fig. 8) and V = V+

right-hand side of Fig. 8). As is seen, in the case when V = V−, in which the branches corresponding to the downstream travelling waves
erge, the left-hand side in the vicinity of c = cn is positive, and the roots remain real, i.e., there is no transition to instability. However, in

he case when V = V+, the left-hand side is negative in this vicinity. This indicates the presence of an interval of velocities V+ − � < V < V+ + �,
here the real roots vanish, producing a complex-conjugate pair, i.e., instability. It is similarly proved that in the case when V < V+ − �,

ther possible matches of the roots of family (7.3) with roots of Eq. (7.4) in the intervals (7.5) with s /= −1 do not lead to instability.
Thus, V+ is the critical velocity, at which long waves become unstable.

. Behaviour of waves in the vicinity of c = 0

It was shown above that merging of the phase velocities of the waves with a transition to instability occurs between waves which move
ownstream and upstream when V = 0. Before the transition to instability, i.e., when V < Vcr, the phase velocity of the upstream travelling
ave passes through zero, where it intersects with the solution of Eq. (7.1) c = 0, which always exists. We  will investigate the behaviour at

he time when the roots intersect and find the velocity V0 at which the phase velocity of the upstream travelling wave becomes zero. For
his purpose we  will examine Eq. (7.1) in the vicinity of c = 0. Expanding the functions appearing in it according to Taylor’s formula with
ccuracy to c4, we obtain

(8.1)

hus, the root c = 0 has fourth-order multiplicity and does not interact with other roots that pass through this point. Reducing by c4, we
nd the velocity at which the upstream travelling wave passes through c = 0 and becomes a downstream travelling wave:

t is not difficult to prove that the numerator and denominator in the second fraction under the radical are positive for any k.
Since we always have V0(k) < Vcr(k), the inequality V < V0(k) can serve as a sufficient stability condition for waves with an assigned

avelength.
Calculations for the entire range 0 < a <

√
3/2 show that the minimum of V0(k) is achieved when k → ∞ and is equal to
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. Intermediate wavelength values

In view of the complexity of dispersion equation (7.1), it could not be investigated analytically at arbitrary values of k; therefore, a
umerical analysis was performed. Newton’s method for systems of equations was  used to solve two equations with respect to Vcr and ccr:
q. (7.1) and the same equation differentiated with respect to c. The smallest root with respect to V that corresponds to a non-zero value
f c was sought. The calculations were performed for m = 1 and the values 	 = 0, 0.3, 0.4, 0.5. The results are presented in Fig. 9, in which
he graphs of Vcr(k) and ccr(k) are shown as thick and thin lines, respectively. The asymptotic values of Vcr(k) and ccr(k) for k → 0 and k → ∞
re indicated by the dashed lines.

As is seen, the numerical values approach the asymptotic values when k → 0 and k → ∞ (with the exception of the case when k → 0
nd 	 = 0.5, in which a = 0 and V+ becomes infinitely large). The minimum of Vcr(k) is achieved when k → ∞ in all the cases considered. This
nables the values of Vcr from the graphs in Fig. 5 to be used as the minimum critical values with respect to k, below which the system is
table.

0. Influence of the viscoelastic properties of the material on the stability

Under harmonic vibrations, the viscoelastic properties of the material cause the appearance of imaginary parts of the elastic moduli,
hich depend in the general case on the frequency of the vibrations. Experiments have shown24 that in this case Poisson’s ratio 	 remains

eal with a high accuracy, and only Young’s modulus becomes complex:

here �(�) > 0 is the viscosity coefficient, which we will assume to be a small quantity compared with E0/�. It was  shown in Ref. 18 in an
xample of specific parameters of the problem that a small viscosity has a destabilizing effect on a downstream travelling wave at flow
elocities at which it becomes an upstream travelling wave, i.e., at V > V0(k). We  will prove this in the general case.
We will first evaluate the influence of the viscosity of the medium on the velocity a2:
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hus, the quantity a2, which was taken as the scale for the transition to the dimensionless quantities (3.8), becomes complex, and it is
onsequently expedient to evaluate the influence of the viscosity on the damping of waves in dimensional form.

In this section we will again mark the dimensionless quantities with a prime sign. Since the dimensionless parameter a’ depends only
n 	, it remains real, and the only dimensionless parameter that is influenced by the viscosity is the dimensionless velocity V′ = V/a2. Then
e obtain

ence it is seen that when V = 0 (a quiescent fluid), the dimensionless phase velocities do not depend on the viscosity and are real. This
orresponds to damped vibrations in dimensionless form.

We will investigate the influence of the viscosity when V /= 0. For this purpose we  calculate the derivative

(10.1)

We find that the damping or growth of the waves in the presence of a small viscosity is determined by the positive or negative value
f the expression c′2 − V′c′dc′/dV′ calculated without taking into account the viscosity. This enables us to use the results of the preceding
ections for the analysis. For the upstream travelling wave corresponding to the phase velocity with the smallest absolute value, this
xpression is positive when V < V0(k), since V′ > 0, c < 0, and dc′/dV′ > 0, i.e., this wave is damped. When V = V0(k), it vanishes (because c′ = 0),
nd it becomes negative when V > V0(k). Thus, at the flow velocity corresponding to the disappearance of the upstream travelling wave and
ts conversion into a downstream travelling wave, the damping of the wave is replaced by its growth under the action of the viscoelastic
roperties of the coating. We  note that the replacement of the damping of the vibrations by their growth under the effect of a small viscosity
lso takes place at complex values of 	, and the only difference will be in expression (10.1), which will also contain the derivative dc′/da′;
owever, the entire expression will also change sign when c′ = 0.

Thus, the instability caused by the viscosity that was  discovered in Ref. 18 for a specific set of parameters also occurs in the general
ase. On the one hand, this instability sets in prior to the instability in the elastic case (V0(k) < Vcr(k)), and, on the other hand, it is weaker,
nd the rates of growth of the vibrations tend to zero when � → 0. A similar effect of destabilization of an upstream travelling wave by
he viscosity at the flow velocity at which it becomes a downstream travelling wave also takes place in the simpler model of a compliant
oating in the form of a plate on an elastic foundation.3 It is assumed that instability caused by the viscosity is manifested in practice in
he form of static deformation of the coating, i.e., divergence, while the “elastic” instability has a vibrational character, i.e., is flutter.3,18

The replacement of the damping of a wave by its growth and vice versa in all the remaining cases (i.e., when c′ /= 0) takes place when
he sign of the expression (c′/V′) – (dc′/dV′) changes. We  will restrict ourselves here to an analysis of short waves and phase velocities
f very small absolute value, for which calculations of the c′(V′) curves reveal upward convexity for a downstream travelling wave and
ownward convexity for an upstream travelling wave (Fig. 2). It follows from equality (8.1) for an upstream travelling wave that dc′/dV′ = 1
hen V = V0, and from the results of Section 6 it follows that c′/V′ < 1 when V = Vcr. Then, from the downward convexity we  obtain (c′/V′) –

dc′/dV′) < 0 in the range V′
0 < V′ < V′

cr, i.e., this wave continues to be a growing wave in the case of a small viscosity until the main “elastic”
nstability appears. For an upstream travelling wave it is sufficient to consider the segment 0 < V′ < c′

R, where the function c′(V′) increases,
ince on the segment c′

R < V′ < V′
cr it decreases, and the viscosity cannot result in intensification of the waves. After using Eq. (6.2), we can

xpress the function V′(c) and show that dV′/dc′ > 1 when V′ = 0. Therefore, we have dc′/dV′ < 1. At the same time, c′ = V′ when V′ = c′
R (Section

), i.e., when c′/V′ = 1. Then from the upward convexity we reason that on the entire segment 0 < V′ < Vcr the viscosity of the material causes
amping of the downstream travelling wave.

As an example, Fig. 10 shows graphs of the real and imaginary parts of c/a20 as functions of V/a20 with parameters (5.1), m = 1 and g = 0
or various values of �a2/H.

1. Analysis of resonance wavelengths

For each solution of the dispersion equation c(k) there exists an eigenfunction, i.e., a non-zero solution of the system of linear equations
or c0, cj1, cj2, c31, c32 (Section 3). This solution was  found numerically.

As the relative amplitude of the vertical displacement of the upper surface of the elastic layer we  will use the quantity

nly the first mode, which corresponds to a downstream travelling wave, is considered. For the case when m = 0, graphs of r(k/(2)), where
/(2) = H/� is the ratio of the thickness of the layer to the wavelength, are shown on the left-hand side of Fig. 11. The results are the same
s the known results.15 As can be seen, when 	 > 0, there is a resonance wavelength equal to 3–4 thicknesses, for which practically all the
urface energy is spent on the vertical displacement of the surface of the elastic layer. It was shown experimentally in Ref. 15 that the
mplitude of the waves in the coating and its influence on the flow are most significant at the resonance wavelengths. The modification
f r upon the appearance of a quiescent fluid (V = 0) and an increase in its density is given in the example of the case when 	 = 0.3 on the
ight-hand side of Fig. 11. It is seen that besides the fundamental peak, whose position scarcely changes, a second resonance peak, which
orresponds to a wavelength equal to 5–20 thicknesses (depending on m), appears. The second peak is observed in the presence of the
uid in all the cases considered except 	 = 0.5 (Fig. 12).
Calculations of r(k/(2)) in the presence of a moving fluid with velocities up to Vcr are shown in Fig. 12 for various values of 	. The
alculations were performed for m = 1. It is seen that the position of the “main” peak with � ≈ 3H scarcely varies, while the movement of
he second peak is somewhat more significant. The results obtained show that the fundamental resonance wavelength scarcely depends
n the rate of motion of the fluid and its density.
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2. Modification of the method for choosing coatings

In accordance with the existing results,15 the following criteria must be satisfied to ensure optimal interaction of the coating with the
urbulent boundary layer:

) the vibrational frequency must lie in the range25

Here f = �/(2)  is the physical dimensional vibrational frequency, 	f is the kinematic viscosity of the fluid, and u� =
√

�w/� is the
boundary-layer scale of the velocity. Its dimensionless form is

(12.1)

) the phase velocity must correspond to the velocity of motion of the turbulent structures: c(k) = (0.7. . .0.9)V,
) the coating must optimally influence the pressure pulsations, and for this reason the wavelength must be close to the resonance value:

� ≈ 3H, i.e., k ≈ 2.09.
It was shown above that when m /= 0, instability can appear. It must be avoided to maintain the effectiveness of the coating. Thus,

one more condition is added:
) the condition of hydrodynamic stability of the coating:
The criterion of stability used here is the criterion of “elastic” stability: when such instability arises, additional turbulence is generated
ue to the vibration of the surface, and the service life of the coatings is shortened. “Viscous” instability is apparently not so dangerous,
ecause it appears in the form of static deformation of the coating and can be suppressed at a low viscosity by the interaction with the
oundary layer.18
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The second and third conditions, taken together, give the range of flow velocities in which the effective action of the coating is possible:

(12.2)

n the case when m /= 0, i.e., a dependence of c on V, this condition represents the inequalities for determining the range of the flow
elocities V.

The fourth condition specifies the upper bound of the range of possible values of m,  at which the coating is stable in the range of the
elocities V obtained.

Condition (12.1) gives the range of coating thicknesses for assigned properties of the material.
We note two differences from the existing criteria.15 First, due to the dependence of c on V, the solution of inequalities (12.2) for m /= 0

ives a range of velocities that includes smaller absolute values and is shorter than for m = 0. In fact, a graphical solution of the dispersion
quation containing c(V) and inequalities (12.2) in the example of 	 = 0.5 and m = 0, 1 is shown in Fig. 13, from which the preceding statement
ollows. Second, in the case in which the fluid (and, therefore, its density) is known (for example, when the motion of water is considered),
long with the existing criteria,15 there is an additional restriction, which is imposed on the minimal density of the coating that ensures
tability. For example, solving inequality (12.2) for 	 = 0.5 (Fig. 13), we find: V = 1.709. . .2.198 when m = 0 and V = 1.702.  . .2.065 when m = 1.
ccording to Fig. 5, we find for m = 1 that the coating is stable when V ≤ 1.793, i.e., only the narrow velocity range 1.702 ≤ V ≤ 1.793 remains

or stable operation. To ensure stability over the entire range, it is necessary that m ≤ 0.5, i.e., in the case of water with �f = 1000 kg/m3, we
btain � ≥ 2000 kg/m3. Furthermore, the choice of Young’s modulus determines the dimensional velocity a2, and it determines the range
f dimensional flow velocities and coating thicknesses.

We present the results of selecting the properties of the coatings for 	 = 0.475 in dimensional form that were obtained with various
alues of the velocity a2 for flow in water. As was done previously,15 to select the coating thickness, we use the relation (Ref. 26, Chapter
1, Section 1)

here V and V′ are the dimensional and dimensionless velocities. We  take the viscosity of water 	f = 10−6 m2/s and the characteristic
imension x = 1 m.  The results are shown in Fig. 14 in the form of regions on the V, m/s – H, m plane which satisfy criteria (12.1) and
12.2) for various values of the velocity of the transverse wave a2, 	 = 0.475 and m = 0, 1. As we  can see, in all cases taking into account the
ependence of the phase velocity on V results in a decrease in the operating range velocity, while the thickness range varies only slightly.
rom the stability condition we find approximately m ≤ 0.5. We choose the smallest possible density of the material, � = 2000 kg/m3. We
ake the working range of velocities from 17 to 20 m/s, and then it is necessary that a2 = 10 m/s. From the equality
t follows that E = 0.59 MPa.
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Thus, for the range of velocities of water from 17 to 20 m/s, the optimal coating is a layer of material having a thickness from 1 to 1.7 mm
ith

MPa kg/m3

3. Conclusion

It has been proved that a viscoelastic coating located under a moving fluid can lose stability when the velocity of the fluid V is sufficiently
arge. At the velocity V = V0, which corresponds to elimination of the upstream travelling wave and its conversion into a downstream
ravelling wave, instability appears only when the coating has viscous properties. When the velocity V = Vcr > V0 is achieved, merging of the
hase velocities of the two downstream travelling waves and the appearance of a stronger instability, which does not vanish in the purely
lastic case, occur. While “elastic” instability of the coating is undesirable, since it can result in the additional generation of turbulence and
estruction of the coating, “viscous” instability requires additional study. In the case of a small viscosity, this instability can be suppressed
y the interaction with the boundary layer; otherwise, its appearance can also be tolerable, if the amplitude of the established bulging of
he coating is small and does not exceed the thickness of the laminar sublayer, i.e., the coating remains hydraulically smooth.

It was shown that resonance wavelengths equal to 3–5 thicknesses of the coating, at which the interface performs strictly vertical
ibrations, are scarcely influenced by the fluid. Evaluation of the influence of a moving fluid on the effectiveness of compliant coatings
hat are used to eliminate turbulent friction showed that the operating range velocity becomes smaller and an additional restriction on
he density of the coating material for its operation in the stability region appears.
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