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Abstract—It is known that, in wall-bounded flows, along with the growth of instability modes, an important
role is played by the nonmodal (algebraic) mechanism of linear growth. In unbounded flows, including sub-
merged jets, the nonmodal growth mechanism has been theoretically studied only in the last decade; this
mechanism has not yet been identified in experiments. This paper describes experiments on excitation of the
nonmodal “lift-up” growth mechanism. Special wavy structures (deflectors) are introduced into a laminar
submerged jet of circular cross section, which excites a roller-like transverse motion. The data obtained make
it possible to identify unambiguously the nonmodal lift-up growth of the introduced perturbations. The
development of perturbations in the experiment qualitatively agrees with the theoretically calculated optimal
perturbations. The specificities of the transition to turbulence caused by nonmodal growth are considered.
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1. INTRODUCTION

Submerged jets are widely used in science and
technology. In studying the physical processes accom-
panying combustion, mixing, chemical processes,
spraying, acoustic radiation, etc., the stability of jets
and the transition to turbulence play an important
role.

Laminar submerged jets are often considered prac-
tically unstable, since the critical Reynolds number in
them does not exceed 40. In practice, such jets have a
region with a laminar structure, but it is usually rela-
tively small (on the order of 1–2 diameters of the exit
section). For this reason, it is extremely difficult to
study the mechanisms of perturbation growth in the
laminar section, leading to a laminar–turbulent tran-
sition, on “ordinary” jets.

The setup described in [1, 2] makes it possible to
create submerged air jets with a much larger laminar
section, up to 6D, where D is the jet diameter. It was
used to study experimentally the development of the
jet’s eigenmodes. The wavelengths of growing pertur-
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bations, the perturbation amplification curves, and
the radial perturbation distributions found in the
experiment qualitatively and quantitatively agree with
the numerical values obtained within the linear theory
[3, 4]. Thus, it was shown that the small sinusoidal
perturbations introduced in the experiment develop in
accordance with the linear stability theory.

The aim of this work is to study experimentally the
nonmodal development of perturbations in a sub-
merged jet. It is well known [5] that, in addition to the
modal mechanism of linear growth in boundary lay-
ers, there are two mechanisms of nonmodal linear
growth: the Orr mechanism and the “lift-up” mecha-
nism. The first one is a purely two-dimensional pro-
cess and leads to relatively weak growth, while the sec-
ond gives a much stronger growth of three-dimen-
sional perturbations and is responsible for the bypass
transition in near-wall f lows [6, 7]. In submerged jets,
the existence of these two growth mechanisms has also
been shown theoretically [8–10]. However, they have
not yet been detected experimentally.

In this study, we consider a laminar jet air f low
formed with a device of a special type, described in
detail in [1, 2]. The initial jet diameter is  mm,
and the outflow regime corresponds to a velocity on
the axis  m/s, an average velocity  =
0.66 m/s, and the Reynolds number, based on the
average velocity and diameter, Re = 5400. The jet
velocity profile is shown in Fig. 1. Downstream evolu-
tion of the undisturbed profile at distances ,
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Fig. 1. Velocity profile of the f low under study: (crosses)
experimental values obtained with a hot-wire anemometer
and (solid line) the approximated profile.
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considered in the experiments, is weak and is not taken
into account in theoretical calculations. The experi-
mental profile was spline-approximated for theoretical
study.

2. THEORETICAL ANALYSIS OF SPATIAL 
NONMODAL INSTABILITY

The study of the nonmodal instability of the f low
begins with the search for eigenmodes of the velocity
profile of the jet formed. The velocity components and
pressure with small perturbations are substituted into
the dimensionless equations of motion of a viscous
incompressible f luid, and the resulting equations are
linearized.

Perturbations are considered in the form of eigen-
modes:

(1)

For a given real frequency ω and an integer azi-
muthal wavenumber n, the eigenvalue (α) problem is
solved using the spectral method [11]. Thus, for the
velocity profile under consideration, we find N eigen-
values  , in a viscous linear formulation.

An arbitrary perturbation with given  and  can be
represented as

(2)

where  is the system state vector and
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functional characterizing the perturbation is under-
stood as kinetic energy in the form

(3)

For stationary perturbations, we consider the limit
of this expression at . The kinetic energy of the
perturbation is a quadratic function of the coefficients
of the eigenmode expansion of the perturbation. Thus,
the problem of optimal perturbations, i.e., perturba-
tions growing faster than others at a given longitudinal
coordinate , reduces to a constrained optimization
problem:

(4)

where γ is the column vector of the spectral expan-
sion coefficients,  is the matrix generated by func-
tional (3), and  denotes Hermitian conjugation.

It was shown in [8] that, for several types of jet
f lows, the maximum nonmodal growth is demon-
strated by stationary perturbations (i.e., perturbations
with ). For the profile under consideration, its
stationary perturbations also turned out to be optimal.
The dependences of the relative kinetic energy of the
optimal perturbations on the distance downstream
were found (Fig. 2a) for various azimuthal numbers

. Each curve in Fig. 2 comprises the
envelope of the family of curves for the relative
kinetic energy of all possible stationary perturbations
for a given :

where the maximum is taken over all perturbations
with given n. It can be seen that, at small , perturba-
tions with different n grow at close rates, but, with
increasing , it is clear that the maximum kinetic
energy is specific for the perturbation with n = 1; with
increasing n, the kinetic energy of the optimal pertur-
bations decreases.

Due to the axial symmetry of the unperturbed pro-
file, for each , there is an optimal perturbation
twisted counterclockwise and a similar perturbation
twisted in the opposite direction, for –n. In order to
obtain the optimal solution without twisting, we will
carry out the following transformations:

(5)
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Fig. 2. (a) Energy growth of stationary optimal perturbations downstream for various azimuth numbers . (b) Optimal perturba-
tion velocity components for .
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Fig. 3. Distribution of the longitudinal component of the optimal perturbation velocity and the streamlines in the jet cross section
for (a) , (b) , and (c)  at the  coordinate at which the global energy maximum is reached.
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directions and one without twisting—are equivalent
and have the same kinetic energy growth rate.

Visualizations of the obtained optimal perturba-
tions without twisting, on which the maximum  is
reached, are shown in Figs. 3, where the perturbation
of the longitudinal velocity is shown in color, the
streamlines are drawn for transverse velocities (a larger
value of the transverse velocity corresponds to thicker
sections of the streamlines), and the white circle is the
unperturbed jet boundary. As can be seen, in the case
of n ≥ 1, the optimal perturbation comprises several
vortex structures (the number of which is 2n), which

( )G z
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form zones of jet acceleration and deceleration due to
the replacement of fast layers by slow ones, and vice
versa. Such a structure resembles the lift-up mecha-
nism in the boundary layer.

Figure 2b shows  as an example, the plots of
the root-mean-square values of the pulsations of the
longitudinal and transverse velocities of the globally
optimal perturbation (i.e., the perturbation on which

 at  is reached) as functions of the
longitudinal coordinate  at  and .
It can be seen that the longitudinal velocity increases

= 2n

max ( )z G z ω → 0
z 2 / = 0.75r D θ = 0
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Fig. 4. (Left) 3D model and (right) fabricated deflector with azimuth numbers (a)  and (b) , with parameters ,
 mm, and  mm.

(a)

(b)

= 3n = 5n ε = 0.1
= 10h 0 = 60d

Fig. 5. Schematics of the (a) f low visualization in the transverse plane, (b) measurements with a hot-wire anemometer, and
(c) PIV measurements in the transverse plane: (1) diffuser, (2) glycerin aerosol generator, (3) laser knife, (4) laser, (5) video cam-
era, (6) fixture with deflector, (7) moving device, and (8) hot-wire anemometer sensor.
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approximately linearly, while the transverse velocities
practically do not change downstream. This feature—
the development of perturbations of longitudinal veloc-
ity with the preservation of longitudinal vortices—is
characteristic of the nonmodal lift-up perturbation
growth mechanism.

As can be seen, for the profile considered, the opti-
mal perturbations have a complex three-dimensional
structure and, therefore, are difficult to realize exper-
imentally. In the experiments described below, with
the help of special deflectors, an attempt is made to
create perturbations that are qualitatively close to that
theoretically optimal.

3. EXPERIMENTAL STUDIES
3.1. Method for Jet Perturbation

The theory shows that stationary perturbations are
“optimal” in comparison with nonstationary ones in
the sense that their relative kinetic energy grows faster.
In this regard, perturbations were introduced into the
jet using motionless thin wavy structures: deflectors
DOKLADY PHYSICS  Vol. 68  No. 3  2023



EXPERIMENTAL STUDY OF THE NONMODAL PERTURBATION GROWTH 81

Fig. 6. Evolution of stationary perturbations introduced by deflectors with azimuthal numbers  and  in photo-
graphs of the cross section.
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(Fig. 4). The upper edge of the deflectors had the form
of a circle of radius , and the lower edge, the
form of a perturbed circle with a given azimuth num-
ber n and radius , where  speci-
fies the dimensionless amplitude of deviation from the
circle. The height of the deflector between the upper
and lower edges is . A smooth transition is made
between the edges (points of the upper and lower edges
with the same azimuthal coordinate  were connected
by straight line segments). The models were designed
in the CAD program and then 3D printed from PLA

0 0= /2r d

+ ε θ0= (1 sin( ))r r n ε

h

θ
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plastic (polylactide). The results presented below were
obtained with deflectors with  mm,  =
60 mm, and  and 0.1.

To introduce a perturbation into the jet, the deflec-
tors were placed coaxially in the jet at a distance of z =
20 mm, i.e., at  (hereinafter, the distance z
is measured from the exit section of the diffuser down-
wards), with the unperturbed edge upwards (the entry
section of the deflector is a circle). The lower edge of
the deflectors is located on thin stretched lines (line
diameter 0.05 mm).

= 10h 0 = /2d D
ε = 0.05

/ = 1/6z D
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Fig. 7. An example of finding the petal radius from the per-
turbed jet cross section. A deflector with  and 
is placed in the jet. The downstream distance is .
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= 1.5z D
3.2. Visualization of Perturbation Development

The visualization of the f low (Fig. 5a) was carried
out by the laser knife method. Fine glycerol particles
(particle diameter of 1–3 μm) were added to the
streamline before the forming device, and a continu-
ous green laser with a wavelength of 532 nm, equipped
with a cylindrical lens to create a cut plane, illumi-
nated the jet cross section. The video camera was out
of the f low and was mounted on a single-coordinate
moving device together with the laser and, accord-
ingly, moved synchronously with the illuminated cross
Fig. 8. Petal length vs. distance  downstre
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section of the jet to ensure the same frame scale for
each shooting height. All frames of the cross section at
distances  were obtained at an angle to
the jet axis; therefore, a linear transformation of the
frame plane was subsequently carried out to eliminate
its distortion.

Perturbations from deflectors at small distances
from the diffuser practically do not deform the cross
section, but, with the development of a stationary per-
turbation downstream, the cross section changes,
acquiring the shape of the exit part of the deflectors
(Fig. 6). There is an increase in the “petals,” their
elongation in the radial direction from the jet axis, and
the formation of a “neck”: a narrow part of the jet sec-
tion connecting the petal with the jet core. Soon after
the neck formation, a strong increase in the nonstation-
arity and destruction of the jet at distances   3 is
observed.

From the cross sections of the jet with perturba-
tions introduced into it from the deflectors with

, we obtained the dependences of the petal
radius on the downstream distance z, as shown in Fig. 7.
Based on the experimental dependences shown in
Figs. 8, it can be seen that the petals elongate linearly;
therefore, the perturbation velocity in the radial direc-
tion is constant. For stationary perturbations, which
are optimal for the jet considered, the downstream
radial velocity also preserves its value (see Section 2).

/ = 0.5...3.5z D

/z D ∼

= 3, 4, 5n
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am for (a) , (b) , and (c) .
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Fig. 9. Longitudinal f low velocity vs. distance  downstream: (a)  and ; (b)  and , (c) 
and , (d)  and , (e)  and , and (f)  and , at points (left) in pet-
als and (right) in “troughs”.
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3.3. Measurements of the Development 
of the Longitudinal Velocity Component

To make sure that the development of perturba-
tions introduced by the deflectors qualitatively corre-
sponds to the development of optimal perturbations
for the jet profile considered, it is necessary to under-
stand the character of the change in the longitudinal
downstream flow velocity. For this purpose, a series of
experiments was carried out to determine the average
velocity with a hot-wire anemometer in a narrow
region outside the flow core with deflectors , 4, 5.
The measurement was made using a DISA CTA
BRIDGE 56C17 hot-wire anemometer. The hot-wire

= 3n
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anemometer sensor is located at the end of an L-shaped
holder (Fig. 5b), the movement of which in the trans-
verse and longitudinal directions of the jet f low is con-
trolled from a PC using a specially developed program
in the LabView environment.

The measurement results are shown in Fig. 9 for
deflectors with  and points with fixed radial
and azimuthal coordinates (so that the dependences
obtained are not affected by the trace from the deflec-
tor). The graphs show the dependences of the relative
amplitude of stationary perturbations on  at the
points corresponding to the petals of the jet cross sec-
tion on the graphs on the left and at the points corre-

ε = 0.05

/z D
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Fig. 10. (a–c) Transverse velocity (m/s) and (d–f) vorticity (1/s) with plotted streamlines for the perturbation for  (а, d),
3 (b, e), 5 (c, f) at .

0.5

y/
D

y/
D

−0.5

0

0.5

−0.5

0

0.5

−0.5

0

0.5

−0.5

−0.5 0
x/D

0.5 −0.5 0
x/D

0.5 −0.5 0
x/D

0.5

0

0.5

−0.5

0

0.5

−0.5

0

0.25

0.20

0.15

0.10

0.05

0

50

25

0

−25

−50

(a) (b) (c)

(d) (e) (f)

= 2n
/ = 1z D
sponding to the troughs on the graphs on the right.
According to these dependences, it can be said that, in
the places of contraction and expansion of the f low,
the longitudinal velocity changes according to a nearly
linear law.

The nearly linear increase in the longitudinal
velocity is in accordance with the character of the
growth of theoretical optimal perturbations, in which
the longitudinal velocity also increases linearly (see
Section 2).

3.4. PIV Measurements of Transverse Velocity

The method for seeding the f low for PIV measure-
ments was the same as for f low visualization. The f low
was illuminated with a Beamtech Vlite-Hi-100 high-
frequency pulsed NG:Yag laser mounted on a coordi-
nate-moving device; a rod with an Allied Vision
Bonito CL-400B high-speed PIV camera was attached
to it. When measuring the cross section, the camera
was placed directly into the jet at a distance of 720 mm
below the measured cross section (Fig. 5c). Double-
frame shooting was carried out mainly with a fre-
quency of 20 Hz. The average velocity field was found
by averaging 3000 instantaneous velocity fields. Each
experiment for a separate deflector consisted of put-
ting it into the f low and measuring the average trans-
verse velocity.

To analyze the features of the perturbation, below we
give the averaged perturbation fields, i.e., the perturba-
tion flow minus the main flow, on which the streamlines
plotted from the transverse perturbation velocity are
superimposed. Figure 10 shows the flow patterns behind
deflectors with , 3, 5 and , taken at

, with plotted streamlines. The upper figure
shows the pattern of the transverse velocity (shading
corresponds to the magnitude of the velocity), and the
lower figure shows the pattern of the longitudinal vor-
ticity component . The thicker parts of the stream-
lines correspond to a greater magnitude of the trans-
verse velocity. The large gray dotted ring has a diame-
ter of 120 mm and corresponds to the boundaries of
the undisturbed jet, and the small dotted ring with a
diameter of 60 mm corresponds to the location of the
deflector.

The exit section of the deflector at  is charac-
terized by two minima and two maxima, which is also
reflected in the perturbation patterns (Figs. 10a, 10d).
In the direction of antinodes-maxima, corresponding
to the maximum radius of the deflector, there is a dis-
tinct f low from the axis to the periphery and, for
antinodes-minima, towards the axis. Between these

= 2n ε = 0.05
/ = 1z D

ωz

= 2n
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Fig. 11. Perturbation evolution downstream for : (top) velocity magnitude and (bottom) vorticity; (a, d) ;
(b, e) ; and (c, f) .
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regions, eddies are observed, indicated by the vorticity
maxima and minima in Fig. 10d.

At , the f low pattern (Figs. 10b, 10e) is simi-
lar: each of the three perturbation petals produces two
eddies fringing them, which capture the region of low
longitudinal velocity located on the periphery and
transfer it towards the jet axis, while the region of high
longitudinal velocity located near the axis is trans-
ferred to the periphery.

Figures 10c and 10f show the f low patterns for
. With an increase in , there is a tendency to

change the angle of inclination of the vortex regions,
and the vortex zones are more and more aligned in the
radial directions passing through the center of the
petal.

Let us trace the change in the downstream flow
pattern for  (in other cases, the pattern is qualita-
tively similar). Figure 11 shows the perturbation pat-
terns at . The perturbation undergoes a
certain deformation, but the flow structure does not
change. The increased-velocity zones gradually shift to
the periphery, to the zone of lower velocities of the main
stream, which corresponds to the elongation of the pet-
als observed in the flow visualization (Subsection 3.2).

The values of the transverse velocity practically do not
change downstream. The eddies separating the petals
gradually weaken, and the maximum vorticity magni-
tudes decrease.

4. CONCLUSIONS
In this study, for the first time, a nonmodal mech-

anism of the growth of stationary perturbations in a jet
f low, an analogue of the lift-up growth mechanism in
the boundary layer, has been detected experimentally.
The following characteristic features of the lift-up
mechanism have been confirmed:

(a) The lateral velocity remains approximately con-
stant downstream.

(b) The longitudinal velocity increases downstream
approximately linearly.

(c) The transverse motion has the form of roller-
like movements, transferring the outer f luid layers
inwards and the inner layers outwards. This motion
causes a local increase in the perturbation of the lon-
gitudinal velocity, which is analogous to the streaky
structures in the boundary layers.

The jet development has been traced to the transi-
tion to turbulence, which is preceded by the separation

= 3n

= 5n n

= 5n

/ = 1,1.5,2z D
DOKLADY PHYSICS  Vol. 68  No. 3  2023



86 ASHUROV et al.
of the jet petals from the main f low and the formation
of necks, followed by a rapid increase in the unsteadi-
ness and turbulization of the jet.

Thus, the suppression of the modal growth of Kel-
vin–Helmholtz waves and the excitation of the non-
modal lift-up growth mechanism demonstrated in this
work leads to a bypass scenario of transition to turbu-
lence, which has not been previously observed in jet
f lows. Further study of this transition scenario,
including the transition caused by a combination of
modal and nonmodal mechanisms of linear perturba-
tion growth, can find application in various technical
devices for intensifying mixing and heat transfer.
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